Méthode volumes finis pour la résolution du système de Maxwell 1D sur des grilles raffinées localement by Canouet, Nicolas et al.
Me´thode volumes finis pour la re´solution du syste`me de
Maxwell 1D sur des grilles raffine´es localement
Nicolas Canouet, Loula Fezoui, Serge Piperno
To cite this version:
Nicolas Canouet, Loula Fezoui, Serge Piperno. Me´thode volumes finis pour la re´solution du




Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de


























R ap por t  

de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Méthode volumes finis pour la résolution du système
de Maxwell 1D sur des grilles raffinées localement
Nicolas Canouet - Loula Fézoui - Serge Piperno
N° 4301
Octobre 2001
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)


























































































 ¡ÍtÏÍ¦,Łz vwetoyﬂih}Ox{wv­ÇÓ´i«wvwr  §u«ª-ztoqvﬂi ©x{sqrtgji«ﬂe-ihgji`ÀÅx{ﬀvwe-iÆﬂx{sqrtvwoyx{z xFÀ!vwe-iÆx{z-ic·
 oqgjihz-woyx{z'uFs\|uSHÓ´ihsqs¯±² iÃr'uFvwoyx{z x{z syxp­uFsqsq§ﬂicª-z-i  wo  ­® d3e-iÈﬂx{sq©ihj}tﬂiﬂihzpvﬂi  oy~'u{i 
x{z;u syi­uF}H·ÅÀÂﬂx{ vwoqgjiWﬂe-ihgji7x{rt}tsyi  Ó>oqvwe<u§ihzpvﬂihﬂi  ¸-rH5ÀÂx{wg#rtsDu Ó>etoyﬂe<r-ﬂi«u x{zp©ic
oqzvﬂihw}Ox{sDuFvwoyx{z  ih}Oihz  oqzt¥x{z uW}'uFuFgjihvﬂih~Oihvu ¼Â|¾,ntY°<gjihvwe-x  ¿c®¥iÆwe-x­Ó vwe'uFv­ÇÀÅx{~uFsqs
YÄ°µ­Çtx{z«rtztoÁÀÅx{wg wo  >Oihvuﬀ­uFz«iªtti  oqzÈwr-ﬂe|uÓ3uÆvwe'uFv>vwe-ilx{  ihxFÀvwe-i
ﬂﬂe-ihgjiloy3k-®
z7syxp­uFsﬂicª-z-i  wo  ­ÇOvwe-i~(uFgjie-x{oyiﬀoy\g`u  iﬀvﬂx ihv,syxL­uFsqsq|u kvwe x{  ihlﬂﬂe-ihgji®#d3er-­Ç
vwe-i  oyw}Oihﬂwoyx{zÈxFÀvwe-i
gjihvwe-x  oy>ﬂi­uFsqsqÆwg`uFsqs¯®
OÎ#Ëﬀ¡¦ﬂﬁsyihvwﬂx{g`uFz-ihvwoywg ·Äoqztoqvﬂi,Ò0x{sqrtgji\·0°µxL­uFsqsq ﬂicª-z-i  wo  Y·07uSLÓYihsqs¯±²iÃpr'uS·
vwoyx{z-lÔÌ·
 




 ¡­Ï7bL¤ ﬁ8Ë/ÐÂ¢¶¤ ¡:9<;#=½¡?>
5@A B



























ÐÂ¢HG.;¹¢¤¥ I=!Jµ¢¡:K0Ë0; ﬀF¡ L





















ON -¤P=ÂÐÂÐ  ﬀ ¡jºÎ¡£ÏI7¶p¤ t¡
5Q5
































































 K#KÐT=½Ï HÍU=½ËV; -¢HGXW=ÂÐÂÐ p¡  YZ;b ¡
5
L
k-®q ﬂ¨ﬂihzvuFvwoyx{z  i

















































k    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
t"/
	ﬀ@bﬁ!
zﬀ­± oqzvﬂ¨hﬂiﬂi³oyho[sDuﬂ¨ﬂx{sqrtvwoyx{z  r#wHwvﬂfhgji  i³7uSLÓYihsqs  uFz-syi  x{g`uFoqz-i´vﬂihg~}Ox{ﬂihs¯®FÔ,uFz-










x{g`uFoqz/¿c®	ﬁsqsyi~ﬂx{zpvﬀoyﬂwr-i  ± rtz ﬂﬂe-¨hg`u|uFrtvﬂic·¯gjx{rtvﬂx{z5ihz
vﬂihg~}->ihv [lwoqsqsyi
w}'uFvwoDuFsyi  ¨­uFsy¨i\}tﬂx{}Oxﬂ¨!}'uF³ii,ihz7­ C Cq­®tzÆ}ihrtv>uFoyﬂ¨hgjihzv>}tﬂx{rt©ih
Ãpr-i|i7ﬂe-¨hg`u iwv«wvuFtsyiÇY}tﬂ¨hoy [ s¯±²x{  ﬂi  ihrHihz;vﬂihg~}-«ihv«ihziw}'u{i7ihvÈÃpr-i  iW}tsqr-




 fÃpr-i3sDu!woqsqsyi!w}'uFvwoDuFsyi3zµ±²iwv}tsqr-0x{wvwe-x{x{z'uFsyi>rtztoÁÀÅx{wgji¼½oyiYwoqsqsyiihzﬀﬂihvuFztsyi0o  ihzpvwoyÃr-i(¿c®
ﬂ\¨hsDu{loqs0zµ±²iwv}'u{lvﬂx{r{wx{rtﬂ#uFoyﬂ¨~©x{oqﬂi`}xwoqtsyi  ijg`uFoqsqsyih#rtz  x{g`uFoqz-i`Ãpr-ihsyx{z-Ãr-i u©i  i
vﬂihsqsyiwoqsqsyi­®{!oqz-ﬂosDu!}tﬂ¨ﬂihz-i  i0ÀÂﬂx{zvwoyfhﬂix{rtwOi<[s¯± oqzpvﬂ¨hwoyihrt  r  x{g`uFoqz-i3}Oihrtvihztihz  ﬂih
 ilxﬂhoqsqsDuFvwoyx{z-l}'uFu{woqvﬂi  uFz-
syilx{sqrtvwoyx{z-­®¹Ô,iﬀgﬃhgjiﬀsDu }tﬂ¨ﬂihz-i  i~wvwwr-hvwrtﬂi,ª-z-il}'uF
uF}t}Ox{wv^[!sDuvuFoqsqsyi  r  x{g`uFoqz-i,¼Jª-sy£Ç£oqz-hwr-wvuFvwoyx{z-£ÇFihvﬂ®q®¿O}Oihrtvﬂihz  ﬂi´syiYxﬀtv  i³sDu!woqgrtsDuFvwoyx{z
ihzÈvﬂihg~}-  i­uFsyhrtsbihvihzÈ}tsDu{i
gj¨hgjx{oqﬂivwﬂf¨hsyih©¨lihv  uFz-!ihwvuFoqz-­u{>}tﬂx{etoqtoqvwoÁÀw®
¾z-i>ﬂx{sqrtvwoyx{z`hsDu{ﬂﬂoyÃr-i  uFz-0i0­u{³iwvs¯±²ihg~}tsyx{o  i3woqsqsyisyxL­uFsyihgjihzv´uS¬jz-¨i­®sqr-woyihrtﬂ
vwu©uFrH x{zpv3¨hvﬂ¨gjihz-¨Y}x{rt3¨hvﬂihz  ﬂi\syi!ﬂe-¨hg`u  i ³ii [iv»L}Oi  i!g`uFoqsqsDuFi­®-´oqvﬂx{z-´}'uFwg~o
 ± uFrtvwﬂiﬀsyivwu©uFrH  i"!,oqg ihv
ﬂ\xpicÀÅih D#»Ç  i ﬂiﬂx{vwv~ihv~npeprtsyih$ #»Ç  i«´e-ih©{uFsqoyih~ihv~uFs¯®




























































































































































































































	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 R
Ô,i«}tsqr-ji«}'uFuFgjfhvwﬂi|º;iwvjrtvwoqsqoy¨«oyho>}x{rt`g~oqztoqg~oyﬂih`sDu  oyw}Oihﬂwoyx{z syxL­uFsyiÈihvji uSª-z  i
}tﬂihz  ﬂilihzÈx{g~}tvﬂi  iwoqsqsyi>uS¬jz-¨i!uFz-uSwx{rtv  i  ihﬂ¨  i,sqoqOihwvﬂ¨luFrHÆoqzvﬂih À¯u{i!ihzvwﬂi
syi´woqsqsyi´x{r syi³g`uFoqsqsyi  ivuFoqsqsyi  oÁÉO¨hﬂihzpvﬂi­®Hx{vﬂx{z-´Ãr-iihvwvﬂi¨hvwr  i!}tﬂ¨hsqoqg~oqz'uFoqﬂi,iwv [lrtz-i
 oqgjihz-woyx{z  ±²iﬂ}'u{i®
¾z7uFrtvwﬂi}tﬂx{tsyfhgji~iwv
uF}t}'uFwr  uFz-\syi­u{  i#woqsqsyi
wvwwr-hvwrtﬂ¨i,Ãr-iz-x{r-\zµ± u©x{z-,}'u{
x{-ﬂihw©¨u­©i  ig`uFoqsqsDuFivwwoDuFztrtsDuFoqﬂi&/s¯± uF}t}'uFwoqvwoyx{z  ±²xﬂhoqsqsDuFvwoyx{z-0}'uFu{woqvﬂi[!s¯± oqzpvﬂih ÀÅu{i  i
g`uFvﬂ¨hwoDuFrH¹ÇOs¯± uFg~}tsqoqvwr  i  i
xﬂhoqsqsDuFvwoyx{z-,uFz  oyﬂuFzpvu©iﬀsyiﬀuFrtv  ± oqz  oyi®µ\x{r-\}tﬂx{}xﬂx{z-
oyho¹rtz-i\}x{z  ¨huFvwoyx{z  iY¸-rH ÃprtoOﬂrt}t}twoqgjilx{g~}tsyfhvﬂihgjihzv\i>xﬂhoqsqsDuFvwoyx{z-ihv>ihvwvﬂi,gjx  oÁª'­uS·
vwoyx{z iwv!uFoy¨hgjihzvicHvﬂihz-woqtsyiuFrH  oqgjihz-woyx{z-wrt}¨hwoyihrtﬂi£®
Ô
uFz-sDuj}tﬂihg~oyfhﬂil}'uFwvwoyi  ii
uF}t}Ox{wv!z-x{r-  ¨hwoq©x{z-syiﬂﬂe-¨hg`u  uFz-uﬀÀÂx{wgji
oqztoqvwoDuFsyi
ihv>uF}t}Oihsyx{z-!ﬂi>}tﬂx{}twoy¨hvﬂ¨!}twoqz-hoq}'uFsyi­®
\x{r-!}tﬂ¨ﬂihzpvﬂx{z-  uFz-sDu  ihrHLoyfhgji#}'uFwvwoyi#syi¸-rHÈ}Ox{z  ¨hﬂ¨,ihv  i\woqgrtsDuFvwoyx{z-,zprtgj¨hwoyÃr-i
ihzÈg~oqsqoyihrÈe-¨hvﬂ¨hﬂx{fhz-i®
Ô
uFz-YsDulvwﬂx{oywoyfhgji}'uFwvwoyi\z-x{r-Yoqzvwﬂx  rtoyﬂx{z-Ysyi!}'uFuFgjfhvwﬂilº  uFz-Ysyi­u  ﬂi  iwoqsqsyiYx{wvwe-x{xF·
z'uFsyi!ihv>z-x{r-uFz'uFsqLﬂx{z-!syi
ﬂﬂe-¨hg`u`x{tvﬂihzr  uFz-!rtzÈ­u  ﬂi
gjx{z-x  oqgjihz-woyx{ztz-ihs¯®
°bu~Ãpr'uFvwwoyfhgji
}'uFwvwoyiliﬂvx{z-u{hﬂ¨i#uFr«}tﬂx{tsyfhgji  rÈuS¬jz-ihgjihzv [ﬀrtz-i  oqgjihz-woyx{z  ±²iﬂ}'u{i®
_H_a`bc d eﬃf
C    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
6  Æ '@¹#0% !ﬀﬁﬂw6




















































































































































































































































































































































































































	&% ' * 
































































































1    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
( Í  =ÂÐT=JÍ­ ﬀ¢ ¡­Ï7bL¤ ﬂﬀ ;b¡ Ð WÏ t¡
;¶ËV; ¡ÍF¢¶ÏÍ£¢S





























©x{sqrtgji  i,sDujihsqsqrtsyi6n?ihv s¯± uFoqﬂi  iu#À½ﬂx{zpvwoyfhﬂi®
  ﬀ   ﬀ¢ ¡­ÏI7¶p¤ 
uF¶sDugj¨hvwe-x  i  i¶¨Ãpr'uFvwoyx{z-¨Ãrtoq©uFsyihzvﬂix{zgjx{zpvwﬂi  uFz-q­-pÃpr-i0syi´ﬂﬂe-¨hg`uiwv  ±²x{  ﬂi
 ihrH«ihz iw}'u{ilihvihzÈvﬂihg~}-!wrtrtz-i,woqsqsyilwvwwr-hvwrtﬂ¨irtztoÁÀÂx{wgji®

=½¡ﬃK  S¡U=½Ë0;X;¹¢¶¤ =!Jµ¢ 

















































































































































































































































































	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 
  ËV;¶¡ U8 HÍU=½ËV; ﬀWÐÁ;   W0=  ﬀ =½¡­ÏÍ













































z7gjx{zvwﬂi  uFz- 21#Ãr-iihvwvﬂiﬀ¨hz-ihwoyiiﬂv\x{z-ﬂihw©¨iﬀ}'uF\syiﬂﬂe-¨hg`u }Ox{rtrtz|g`uFoqsqsDuFi~Ãpr-ihsÁ·
x{z-Ãpr-i  ± rtz  x{g`uFoqz-iWuFz-ﬀÀÂﬂx{zvwoyfhﬂiWuF-x{w'uFzvﬂi®>Yi  ihwztoyih ­u{`§iwv uFr-ﬂwo>vwuFoqvﬂ¨ ihv x{z
}Ox{rtwu~­± `ﬂ¨cÀÅ¨hﬂih}Ox{rt}tsqr-  i  ¨hvuFoqsy£®
ﬁzÈx{z-hsqr-woyx{zWi
ﬂﬂe-¨hg`u}tﬂ¨ﬂihzpvﬂi  i­uFu{hvﬂ¨hwoywvwoyÃpr-iuFz'uFsyx{r-iuFrÈﬂﬂe-¨hg`u  i ³ii
ﬂrtYsyi














vﬂx{rtvﬂilsyilx{g~}x(uFzvﬂi  r¥e'uFg~} ﬂx{zvsyxp­uFsqoyﬂ¨iluFr gﬃhgji
ihz  ﬂx{oqv!uFsyx{ﬂ>Ãpr-i  uFz-3syi,ﬂe-¨hg`u  i ³ii\syi>x{g~}OxuFzvﬂi  i>e'uFg~}-ﬂx{zpvYﬂ¨h}'uFwvwoyi!wrt´syi
À¯u{i
ihv\syi#uFﬃhvﬂi  r g`uFoqsqsDuFi®bYihvwvﬂiﬀÀÅukx{z  iÀ¯uFoqﬂiﬀiwv
































































sqoqg~oqvﬂiloqg~}Oxﬂ¨i,}'uFls¯± oqzpvﬂ¨huFvwoyx{z ihz vﬂihg~}-­®¹\x{r-u­©x{z-
À¯uFoqv\syi~e-x{oÁ






























































­    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
%J
 ' * & *& ﬀ ﬂ  ﬀ z
! ﬀ %  ﬃ"$  $, 	ﬀ
z§woqgrtsyi  x{z-`sDuÈ}tﬂx{}'uFuFvwoyx{z  ± rtz§}trtsyﬂi  uFz-rtz g`uFvﬂ¨hwoDuFr sqoqz-¨­uFoqﬂi e-¨hvﬂ¨hﬂx{fhz-i z-x{z
 oyw}OihﬂwoÁÀ  uFz->syi






















































































































































































































































−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5








































−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
Calculee
Exacte
 / 0 +ﬀﬃ( ﬀ'TT P& 























































































































































































































































­    *ﬀI<ﬀV 	 *ﬀ









−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
Calculee
Exacte
 ' 0 - ﬀﬃ( ﬀ'T P&  V  	 & ﬀ  :!  	  ﬀ/ / + ( ﬂ 0	









  ﬀﬃﬂ  " $%'&


































































































































































































































































































ﬀ_ﬀ ﬂ z ﬀJ %'$,#J
x{rtj¨h©{uFsqr-ih~syi#¸-rH¹Çx{z }tﬂihz  sDuWgﬃhgji ÀÅx{z-hvwoyx{z  i ¸-rH  ¨cª-ztoyiÆ}'uF ¼½kp¿#­uFsyhrtsy¨iÆoyho
u©i  i z-x{rt©ihsqsyiﬀ©{uFsyihrtﬂ  i }'uFwvﬀihv  ± uFrtvwﬂi  ioqzvﬂih À¯u{i  iﬀihsqsqrtsyi­®Yi#©uFsyihrtﬂ~ﬂx{zpv



























































































































































































































































































hk    *ﬀI<ﬀV 	 *ﬀ
















































































































































































































































































































































	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 ﬃR












































































( Í  =½ÐT=JÍ­ ﬀ¢ ¡­ÏI7¶p¤ 
 FËQK0Ë/¡U=JÍU=½ËV;
5
*	  ﬀ/  ﬀ "
	 3< ﬀ




































z  x{ztz-i  uFz-syi
vuFtsyi­uFr 






















ﬀﬂﬁ ¶ .	  	 ﬃ  +T O& 	\º























































































































ﬃC    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
















































































































































+ ﬀ/  ﬀ  "  	3 &  -& 	 & 	  ﬂ?	 O	  ﬀ 	 	 	   	 \Q    ﬀ! *ﬀﬃ( 	



















 	' ﬀ/  ﬀ 	 &  +& 	P	  	  ﬀ 	 	4	 
 	 \Q




























































































































	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 UD





































































































































































































































































































 QR  .	 X ﬀﬃﬂ!: 	+1	   & 	 +& 	 ﬁ	  ﬃ  &TTO& 	º
 p¤  IJµ¢
5
	+ 	  	  ﬀ TT 	  T 	4*	^ﬀ+ﬀ ﬂT 	3º 	H  	  +	 )& 	\&  	   +	 0&*1	+ 	(  ﬀI 	
& 	  ﬀ/  ﬀIT ﬂ    / +	 ﬀ  	   	-ﬀ-,. 	 
	  &	 ﬀ!! ﬀﬃ(	

  T&/ 	  	 V'	+ﬂV*  	 +
_H_a`bc d eﬃf
&1    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
ﬀ  ﬀ
  	 ﬃ	 +ﬀ &	* ﬀ !*	 ﬀ -ﬀ ﬂT 	








	 	 ﬀ 0-& ﬀ	?0  	 
	T+ﬀP&	  T!+	 0	 
/ﬀﬃ& 	 V 
&  	 1  I	

 p¤  IJµ¢
E
$'ﬀ'  /  ﬀ'T  /    ﬀ 	   	 V  ﬀ  'ﬀ    	  
	 & 	 &/  I/ 	 )ﬀ   	
  	 
	\& 	\&    T 

	   	+ﬂV	 	  H 	4 ﬀ/  ﬀ 1 	  I	)1: 	)V  \ﬀ!* *	  !
0	:/ 0	  ( 	:&+ ﬂ 	












 ﬀ/  ﬀ  	  I	  /   Iﬀ*	  &   	& 	\ / 0	  ( 	/  	 +T+

 ﬀﬃ(0/+T  	








































































































































































































































































































































































































































































































































	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 ­
M  E  M
 ¡S¢¶ÐJÍHÍ­¡ ;¹¢¤¥ I=!Jµ¢¡
zjﬂih}tﬂihz  sDulwoqg#rtsDuFvwoyx{z`}tﬂ¨ﬂihzpvﬂ¨iuFr }'uFuFuF}te-iH®q®Lz ﬂe-x{oywoqv´rtz-i>}ihwg~oqvwvwoq©Loqvﬂ¨}tsqr-






























ihv!uFoqz-woµsDu  oyﬂ}ihﬂwoyx{zWﬂihu  ±²x{  ﬂilk  uFz-ihvwvﬂi­x{z-i®
z¥gjx{zpvwﬂijwrt
sDu ª-rtﬂi C sDuÆﬂx{sqrtvwoyx{z uF}tﬂfÃpr-iﬀs¯±²x{z  i`uFoqv#uFvwvﬂihoqzpvlsyi~g`uFvﬂ¨hwoDuFrµ®¶z z-i
x{z-wvuFvﬂi`uFr-hrtz-i`xﬂhoqsqsDuFvwoyx{z¥}'uFu{woqvﬂi  r-ijuFr¥e'uFztihgjihzv  iﬀg~oqsqoyihrµ®¶nprtlsyi\ª-rtﬂi:D ihv1HÇ





©x{sqrtgjiª-ztoy´ihzvwﬂ¨  ¨hwoqv  uFz-sDu
}tﬂihg~oyfhﬂi}'uFwvwoyi!ihv´Ãrto'x{wﬂiﬂ}x{z  oyho0[,sDu,©uFsyihrt
zrtsqsyi  ijº0®¹z gjx{zpvwﬂi~syi,ﬂ¨wrtsqvuFvﬂlx{tvﬂihzpr-u©i  ihrH7woqsqsyi  oÁÉ¹¨hﬂihzvﬂi­®bz¥x{z-ﬂvuFvﬂiﬀrtz












−5 −4 −3 −2 −1 0 1 2 3 4 5








 ﬀ! *ﬀﬃ( 	  +	 V& ﬀ 
	





























































    *ﬀI<ﬀV 	 *ﬀ






















 ﬀ! *ﬀﬃ( 	  +	 V& ﬀ 
	
! !   	  ﬃ  & 	 *ﬀ:( ﬀ1 	  	
  



















 ﬀ! *ﬀﬃ( 	  +	 V& ﬀ 
	
! !   	  ﬃ  & 	 *ﬀ:( ﬀ1 	  	
  
ﬃ  & ﬀ  	  ﬀ' /  Tﬀ
687#_968:
 
	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 H
 
 ' $!ﬀﬁ& ﬁﬀ ﬂ  
& %'$ " ﬂ
°0± o  ¨i  i>'u{ﬂi  isDu,gj¨hvwe-x  i!iwv³s¯± rtvwoqsqoyuFvwoyx{z  isDu
ﬂihsDuFvwoyx{z  i  oyw}Oihﬂwoyx{z  i´ºO·»ﬂﬂe-¨hg`u{
 ¨hgjx{zvwﬂ¨i  uFz-rtzÈ­u  ﬂi  ilwoqsqsyi
rtztoÁÀÂx{wgjiihv!Ãr-i,z-x{r->ÀÂx{wg#rtsyx{z-\uFoqz-wo /
 FËQK I=½Í­ ﬀp¡`ºÎ¡­Ï7¶p¤ t¡
    0 

&  ﬀ!0	 & 	HﬀI & 	 ﬀ 1	
!-,
	 & 	#ﬀI &	 	 \Q
!
+














9 	   	 *	#º

+ ﬀ/  ﬀ ﬀI1 &  /: 8\&  -& 	  	  	  ﬀ &  	  P  
ﬀ1 &  -& 	   &1ﬀ*	  	  Å®
zjﬂi  x{ztz-i  x{z-3rtz~g`uFoqsqsDuFi



















®/z }tﬂx{}xﬂi  iﬂe-x{oywoqsyi
}'uFuFgjfhvwﬂi#º iwv3ÀÂx{z-hvwoyx{z
 r¥}'u{  ±²iw}'u{i~syxL­uFs
!-,
!












































































































































































































































 &%   I$, ﬀ  ﬀJ% $J 
S   E !5
 







































































    *ﬀI<ﬀV 	 *ﬀ
















 /  <\ﬀ+ﬀ   ﬀ/  ﬀ & 	 Q	 	,º

 ﬀ/  ﬀ 













b­  <\ﬀ+ﬀ    ﬀ/  ﬀ & 	 Q	 	,º

+ ﬀ/  ﬀ 
    	
687#_968:
 
	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 
S   E *E
( =Â¤7¢¶Ð HÍU=½ËV;¶¡  8 Ï ﬀ ¡
W=½ÐÂÐ ¡ Y ;¶p¡
 
8/Ë/ÐÂ¢bÍU=½ËV; ﬀ q¢#;5¤¥Ë ﬀ  K SËVK
zÆﬂih}tﬂihz  sDulgﬃhgji,icH}¨hwoyihz-i,Ãpr-i!sDu}tﬂ¨¨  ihzvﬂi#u©i\g`uFoqzvﬂihz'uFzpvrtz g`uFoqsqsDuFi
x{z-ﬂvwoÁ·
vwr-¨  i  ihrHjwoqsqsyi  iuF}t}x{wv,­ihzpvwﬂi!syiY}'u{  ±²iw}'u{i®H°µig`uFoqsqsDuFi  uFz-YsDuwoqsqsyi!ﬂxﬂﬂoyfhﬂi
x{wﬂiw}Ox{z  [ ihz©Loqﬂx{z<¥}x{oqzpvﬂ`}'uF }¨hwoyx  i®³°bu¥ª-rtﬂi  gjx{zvwﬂiWsDu¥ﬂx{sqrtvwoyx{z<ihz5iﬂ}'u{i
 r7ﬂe'uFg~}

uF}tﬂf\rtz|vﬂihg~}-  iwoqg#rtsDuFvwoyx{z7x{wﬂiﬂ}x{z  uFzpv [
R`}¨hwoyx  i  rWgjx  i}tﬂx{}tﬂi®
°bu ﬂx{sqrtvwoyx{z§uF}t}tﬂxLﬂe-¨i iwvx{g~}'uFﬂ¨i [ÆsDu«ﬂx{sqrtvwoyx{z§ictu{hvﬂi wrtlvﬂx{rtv#syi  x{g`uFoqz-i ihv#x{z }Oihrtv
x{z-wvuFvﬂih,sDu vwﬂf,x{ztz-ix{z-x{  uFz-ijihzpvwﬂiﬀsyi  ihrH7ﬂx{sqrtvwoyx{z-,ihv
i#Wx{g~}twoy[`s¯± oqzpvﬂih ÀÅu{i
ihzvwﬂisyi  ihrH«ﬂx{r- ·¯woqsqsyi­®
°bu\ª-rtﬂi#­,gjx{zvwﬂi!s¯±²¨h©x{sqrtvwoyx{zÆuFr x{rtﬂ  rjvﬂihg~}-´ihzjrtzj}Ox{oqzv­®x{rt³}tsqr-  i>sqoywoqtoqsqoqvﬂ¨Çihrtsyi
s¯±²¨h©x{sqrtvwoyx{zÈwrtYsyi>hoqz-Ã  ihwztoyfhﬂi3}O¨hwoyx  i>iwvY}tﬂ¨ﬂihzpvﬂ¨i®'z z-x{vﬂi\rtz-ivwﬂf3sy¨hfhﬂi  oyw}ihﬂﬂoyx{z
 uFz-ﬀsDuWﬂx{sqrtvwoyx{z uF}t}tﬂxpe-¨i ¼ÂihouF}tﬂf:RW}O¨hwoyx  ic¿lg`uFoy~uFr-hrtz-i  oÁÉOr-woyx{z i Ãprto>iwvrtz
oqz  oyilÃpr-i,s¯±²¨hz-ihwoyi¨hsyihvwﬂx{g`uFz-¨hvwoyÃpr-i#iﬂv>toyihz x{z-ﬂihw©¨i®












−4 −2 0 2 4 6
Exacte
Caculee
 b 0   TT O	 P	 ﬀ 1	

ﬀ-,.0	 














90 92 94 96 98 100 102
Exacte
Calculee
µ­     T P	   	 \Q
  
ﬃ   *	 ! :& 	   ﬂ  	 /   ﬃ& 	

ﬀ+,.0	 




Fk    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
 
8/Ë/ÐÂ¢bÍU=½ËV; ﬀ q¢#; K¢Ð½¡ ﬀ ;b¡j¢ ; Ï  8H=DÍ­7¤¥Í-ÐÂÐ!=!Jµ¢
z x{z-wo  fhﬂiÈg`uFoqzvﬂihz'uFzv s¯±²¨h©x{sqrtvwoyx{z  ± rtz }trtsyﬂiÆuFr-ﬂﬂoyihz  uFz-~rtz-i«­u©Loqvﬂ¨Ægj¨hvuFsqsqoyÃr-i
¼½©x{oq
ª-rtﬂiÈ­¿
x{z-wvwoqvwr-¨i  i  ihrH7woqsqsyilﬂ¨hrtsqoyfhﬂi  iﬀuF}t}Ox{wvihzvwﬂi`syi













































Condition metallique Condition metallique
Condition initiale












−5 −4 −3 −2 −1 0 1 2 3 4 5
µ­    / 	   ﬀ'T ﬁ&   	3















































































































































	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	  R











































 ﬂﬁ    	 '&?+ ﬀ/  ﬀ 

ﬀ+,.0	 














































 ﬂﬁ    	 '&?+ ﬀ/  ﬀ 

ﬀ+,.0	 
	   " 












































-5 -4 -3 -2 -1 0 1 2 3 4 5
Beta-schema
Exacte









 C    *ﬀI<ﬀV 	 *ﬀ








-5 -4 -3 -2 -1 0 1 2 3 4 5
Beta-schema
Exacte















-5 -4 -3 -2 -1 0 1 2 3 4 5
Beta-schema
Exacte


















-5 -4 -3 -2 -1 0 1 2 3 4 5
Beta-schema
Exacte















-5 -4 -3 -2 -1 0 1 2 3 4 5
Beta schema
Exacte









'1    *ﬀI<ﬀV 	 *ﬀ
	 /U 	  ( 	  	  V
  !#@(ﬁﬂ!
\x{r-u©x{z-g~oyihz~¨h©po  ihz-i3sDu  oÁ¬`hrtsqvﬂ¨3©x{oqﬂi3s¯± oqg~}Oxﬂwoqtoqsqoqvﬂ¨Y}x{rt  iﬂe-¨hg`u{0icL}tsqoyhoqvﬂi
wvuFtsyi,ﬂx{r-\x{z  oqvwoyx{z  ilv»L}OiﬀYÄ°  iﬂ¨x{r  ﬂi#x{wﬂihvﬂihgjihzpv  i}tﬂx{tsyfhgji  ±²¨hsyihvwﬂx{g`uS·
z-¨hvwoywgjijihz  x{g`uFoqz-i~vﬂihg~}Ox{ﬂihs´u­©i  i,g`uFoqsqsDuFiluS¬jz-¨
syxL­uFsyihgjihzv­®YiﬀuS¬jz-ihgjihzv#iﬂv
uFr{wx{rt  ± erto  oyhvﬂ¨Æ}'uF  ijx{zpvwuFoqzvﬂi  iÆvﬂihg~}-  iÆ­uFsyhrts!ihvjiFx{r  iÆ}tsDu{iÆgj¨hgjx{oqﬂi®07uFoy
uFrH·  ihs[  iihv\u{ﬂ}ihvoqs¶Èu`uFr-ﬂwo¶sDuﬀz-¨iﬂwoqvﬂ¨  il}tﬂihz  ﬂiihzWx{g~}tvﬂi  i  ¨hvuFoqsy\oqzHª-gji  i
sDuﬀ¨x{gj¨hvwwoyi  r  x{g`uFoqz-i  i
­uFsyhrts¯Ç'i
ÃprtobuFgjfhz-i#uFrHÆg`uFoqsqsDuFiz-x{z rtztoÁÀÂx{wgji­®'x{r->z-x{r-




ﬂe-¨hg`u  i ³ii!ÃprtoOuF}t}'uFwvwoyihzpv4[
sDulÀÅuFg~oqsqsyi  i  oÁÉ¹¨hﬂihz-i´ª-ztoyi­®p\x{r-3u©x{z-3woqz'uFsy¨}x{rtYi
 ihwztoyihlÃpr-ihsyÃr-i,vﬂihzpvuFvwoq©il}Ox{rt





syi\¨Ãpr'uFvwoyx{z-  i|uSHÓ´ihsqs C#¶z-i#z-x{r-}ihwgjihvwvﬂihzpv\}'u{  i#x{g~gjihzvuFoqﬂi~Ãpr'uFzv [
syihrt>ÀÅx{z-hvwoyx{ztz-ihgjihzv
u©i  ig`uFoqsqsDuFiuS¬jz-¨­®
\x{r-`u©x{z-`}tﬂx{}xﬂ¨Ærtz-i icLvﬂihz-woyx{z  ± rtz5ﬂﬂe-¨hg`u7©x{sqrtgjijª-ztoy`ihzpvwﬂ¨j'u{ﬂ¨i«wrt~rtz-iÈoqzH·
vﬂihw}Ox{sDuFvwoyx{zZ[ s¯± uFo  i  ± rtz§}'uFuFgjfhvwﬂi«uF}t}ihsy¨ [ x{zpvwml{syihsDu  oyw}Oihﬂwoyx{z syxL­uFsyi®¶°biﬂ¨wrtsqvuFvﬂ
x{tvﬂihzr-³ﬂx{zvvwﬂfihz-x{rtuFi­uFzvﬂ­®¨­uFztgjx{oqz-­Ç{s¯±²¨hvwr  iYvwe-¨x{woyÃpr-iuFoqz-wotÃr-i´syiicL}O¨hwoyihz-izrH·
gj¨hwoyÃpr-ix{zv!¨hvﬂ¨,gjihz-¨  uFz->rtzÈ­u  ﬂi
gjx{z-x  oqgjihz-woyx{ztz-ihs¶ihv>z-x{r->vwu­©{uFoqsqsyx{z- [#s¯±²icLvﬂihz-woyx{z
uFrH  oqgjihz-woyx{z-!wrt}O¨hwoyihrtﬂi}Ox{rt  iwoqsqsyi!wvwwr-hvwrtﬂ¨i!ihvz-x{zWwvwwr-hvwrtﬂ¨i­®
687#_968:
 
	ﬁﬀﬃﬂ	 !#"ﬃ$% '&	)(!!*	+ﬀ-,.0/1	 
 Ì	"/0#@¶
q3#Ä3®3x{ztz-ihv­Ç¹ ®3xwvuFzµÇ  T& 	 &  	  *ﬀI 	 & 	lº
O
4  ﬀ/  ﬀﬁ	  ﬃ  :*ﬀ'T   I 
	
Q & 	 0-
	  ﬂ 
	 ﬀ	  	+  	

\uF}t}x{wv!ŁztwoDuﬀ\xj'1'1HÇµ­ DL®
 ##§®  ®´e-ih©uFsqoyih\uFz  #® %-®/°¹r-ihtihﬂ£Ç 	^$ $  &1ﬀ (  & <8ﬀ? ﬀ' 	   ﬀ T+ﬀ  I	  	Ł ﬁ ﬁ ﬁ
dbuFz-­®-x{z zvﬂihztz'u{\uFz  ﬂx{}'uFuFvwoyx{zµÇ-k Rt¼Å¿3/ k-c·¯kHÇ7uFﬂﬂe ­ DL®
 #*%-®²®YÔ\iﬂo  ihwo¯ÇY® 
x{r   xt®´Ò®>nLihsqg~oqzµÇﬀ  +&.+& 	   ﬀ	 
	ﬃ  ﬀ	 	+   V+
	  	  
uF}t}Ox{wv!Ł Ł\x
C DLÇ¹­'1 DL®
 k#°0®Ä-i ­x{rto³uFz  ,®Onpvﬂx{r	`ihv­Ç
   ﬀI:+ﬃ' \V 8 UV<!V&  ﬀ	 
	 ﬃ   *	    : ﬀ'T 





	   & 	' ﬀ! *ﬀﬃ( 	  ﬀ'T 





 C#*%-®¶ ® ﬂ!Lg`uFz§uFz   ®¶npe'u{ﬂe ,x­©OÇ< !
	T  &  +	T ﬃﬀ TT ﬃ   ﬀﬃﬂ	 !  	  ﬀ'T hÇ9%'®
Yx{g~}µ®-0eH­®µﬃRHÇ 1'1Hc·È¼ ­¿c®
 D #Łc®0n® !,oqg uFz  Ì® %-®#® ﬂ\xLicÀÂih­Ç
  &1ﬀ 
	 ﬀ +	!0	 




	ﬀU&5     I	  ﬀUﬂ	 !   	  ﬀ'T 

Ł ﬁ ﬁ ﬁ dbuFz-­®SWoyhﬂx­Ó3u©id3e-ix{w#dbiﬂeµ®'1t¼ C¿3/21H­S·
1HﬃRHÇ %rtz-ij­H®
21#ﬀn®Yoq}Oihwz-xtÇ> ®²ihg`u-,po¯ÇY°0®²Ä-i ­x{rto
 	   	  	+&X 	   V&

 -& 	    	   
	 + ﬀ	 
	 ﬃ 
ﬀ	+ 	 -1( 	 V4 ﬀUﬂ	 !V	  ﬀ'TT   "ﬀ +	1	\&  









	ﬀﬃ&$ﬃ      +ﬀ'T ( &  \	  	   U	 &1	      
ﬀ	)	^$

 $ ﬀVﬀ I  	  ﬀ 	 	





 u©il°µihvwv­®/ / kFk{·¯k CHÇ'\x­©O®
­H®
q­##§®O!ihg`u-,Lo3Ç#ﬁ/+ﬀﬃ& 	 Q
/    	    	
/  ﬀ'TT 
& 	:ﬁﬀﬃﬂ	 !^  ﬀ'T Vﬀ! 	 	 
:!  	 ﬁﬀ/ / - (ﬃﬂ 0	

d3e-fi ﬁ0Y\Çµ­H®
q3#®Hd¶uS¸'x­©iÇ<\V  ﬀ'TT VﬀH	  	 +T+ﬃ&Vﬀ:  
9ﬀ	(	!  	

$ \	 +	  1	# 
	

$   ﬀ  'ÇL ·
vﬂie ﬂx{r-iÇ3xwvﬂx{zµÇ¹­ RH®
q­#*!~® n®  ﬁ ﬁÇ.   	  ﬀ 0 TTP ﬃ !8T ﬀ 	+V& ﬀ   ﬀ	 V- 	 *	     I  U (  ﬀﬃﬂ	 ! 
	  ﬀ'T '   'T- V '
	+& ﬀ

Ł ﬁ ﬁ ﬁdµuFz-­®'!zpv­®-ﬂx{}'uFuFv­®qÇ-Ò0x{s¶hk-Çb­ C CH®
_H_a`bc d eﬃf
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
